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Abstract

We revisit the action principle for general relativity, motivated by the path integral approach
to quantum gravity. We consider a spacetime region whose boundary has piecewise C2 com-
ponents, each of which can be spacelike, timelike or null and consider metric variations in which
only the pullback of the metric to the boundary is held fixed. Allowing all such metric vari-
ations we present a unified treatment of the spacelike, timelike and null boundary components
using Cartan’s tetrad formalism. Apart from its computational simplicity, this formalism gives
us a simple way of identifying corner terms. We also discuss “creases” which occur when the
boundary is the event horizon of a black hole. Our treatment is geometric and intrinsic and we
present our results both in the computationally simpler tetrad formalism as well as the more
familiar metric formalism. We recover known results from a simpler and more general point of
view and find some new ones.

1 Introduction

The Einstein-Hilbert (EH) action for general relativity depends on the metric and its first and
second derivatives. Indeed, the dependence on second derivatives is forced on us by the principle
of general covariance since, there is no local coordinate scalar that can be formed from the metric
and its first derivatives. By an appropriate choice of coordinates, we can make the first derivatives
vanish at any point so that the only candidate for the action is the cosmological constant term.

While the EH Lagrangian does depend on the second derivatives of the metric, the dependence
is rather innocuous since, as it turns out, the equations of motion are second order in metric
derivatives, rather than fourth order, as one might naively expect. One can remove the dependence
on second derivatives by adding a total divergence to the EH Lagrangian, which integrates to a
boundary term. The appropriate action for general relativity is therefore the EH action with this
boundary term. This makes the action first order in the metric derivatives: the second derivative
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term ∂∂g present in the Einstein Hilbert Lagrangian is replaced by a term of the form (∂g)2. All
of this has been known for a while [3, 4].

Our first reason for revisiting the action principle for General Relativity is the path integral
approach to quantum gravity. In summing over histories, we would like the quantum amplitudes
to have the “folding” property:

K(X1, X3) =
∫
dX2K(X1, X2)K(X2, X3), (1)

where X1 and X3 are initial and final states respectively and X2 is an intermediate state which
is summed over. In the metric representation X1, X3 represent the metrics on an initial and final
spatial hypersurface Σ1,3 and (Σ2, X2), an intermediate spatial geometry. We would clearly like
the action to be additive under a decomposition of spacetime into pieces. There is a close relation
between additivity of the action and having a first order Lagrangian. This can be clearly seen in
a particle mechanics analogy. Consider the amplitude for a particle to go from x0 at time t0 to
xN at time T = tN . K(x0, t0;xN , T ). Introducing time slices at tk = kε = kT/N , we have the
skeletonised version of the path integral

K(x0, t0;xN , T ) =
∫
dx1dx2...dxN−1K(x0, t0;x1, t1)K(x1, t1;x2t2)...K(xN−1tN−1;xN , T ), (2)

If the Lagrangian is first order, i.e. if L depends only on x and ẋ, the additivity of the action
is immediate. One writes the short time propagator replacing ẋ in the Lagrangian by (xk+1 −
xk)/ε. This results in nearest neighbour couplings on the time lattice with the sites labeled by
k. Decomposing the lattice into two parts separated by tj gives us the folding property Eqn (1).
However, for a second order Lagrangian L(x, ẋ, ẍ), one needs three time steps in order to define
ẍ. E.g ẍk = (xk+1 + xk−1 − 2xk)/ε2. This brings in next nearest neighbour couplings on the time
lattice, which spoils the additivity of the action.

A related point stems from the tensor nature of the gravitational field, which is not captured
in the simple particle analogy above. In summing over histories that go from X1 to X3 via X2 we
allow all spacetime geometries, which on pullback agree with X2. No further restriction needs to
be placed on the metric. In particular, the components of the metric in directions transverse to
the spacelike surfaces need not be held fixed. Textbook treatments (see [5, 6] for example) however
hold all components of the metric fixed on the boundary, which is a stronger requirement. In a
path integral, one typically sums over all paths without requiring continuity of all components of
the metric across Σ2. All we need is that the pullback of the four-metric to Σ2 agrees with X2.

Our second reason for revisiting the action principle is to explore boundaries of different signa-
tures. A region in spacetime may have boundaries with components which are spacelike, timelike
and null. There may also be corners where components of the boundary join. We present a form-
alism in which all these cases are derived in a transparent manner. The role of boundaries in
gravitational physics has been increasing in recent years. Ideas relating bulk and boundary degrees
of freedom have been discussed in the context of black hole entropy. One of the possible applications
of our work is in black hole physics.

The need for adding a total divergence to the Einstein-Hilbert action was realised very early
in the history of General Relativity[2]. The required boundary counterterm was given a geometric
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interpretation by York[3] and this line of thought was carried further by Gibbons and Hawking
in their work on black hole thermodynamics. When the boundary has corners, there is a need for
additional corner terms. These were first discussed by Sorkin and Hartle [7, 8], and subsequently by
Hayward[9], Brill and Hayward[10] for timelike and spacelike boundaries. The need for a treatment
of null boundaries was recognised by Parattu et al [11, 12]. There are also several contributions by
Neiman[15, 16, 17, 18] and Epp[14]. Very recently Lehner et al [1] have given a detailed account of
this problem. Our work differs from all these in several respects. We postpone a discussion of the
differences to the concluding section.

Our treatment uses both the tetrad formulation and the metric formulation. We present a
unified approach to the different boundary signatures. Indeed, as will appear below, this simplifies
the calculation considerably. In section 2 we review some of the mathematical preliminaries. In
Section 3 we present the tetrad formulation, which brings out the need for the corner terms and
their explicit forms. In Section 4, we perform the whole calculation in the metric formulation,
which is more familiar to readers. Section 5 contains a discussion and some open questions.

2 Mathematical Preliminaries

The spacetime manifold (M, gab) is described by a Lorentzian metric gab, where a, b are spacetime
indices going over (0, 1, 2, 3). Our signature is (−+++). We begin with the Einstein-Hilbert action

IEH = 1
2

∫
d4x
√
−gR (3)

for a spacetime (M, gab), where ∂M = ∪iΣi can have several piecewise C2 components Σi whose
normals nia are everywhere either timelike, spacelike or null. We have chosen units in which 8πG
has been set to 1.

Consider a single component of the boundary Σ ⊂ ∂M. When Σ is non-null, the unit normal
na satisfies nana = ε where ε ≡ ±1 depending on whether Σ is timelike or spacelike. When Σ is null
the normal na is not unique, but for each na there is an equivalence class of null vectors la which
satisfy nal

a = −1. In order to unify the treatment of the null and non-null cases, in addition to
the normal na to Σ we will find it useful to define a transverse vector Qa to Σ which does not lie in
Tp Σ. For non-null Σ, Qa is proportional to na, i.e., the transverse and normal directions coincide
upto a sign. For null Σ the natural choice is Qa ∝ la. It is this identification of the transverse vector
Qa which helps unify our treatment, rather than the normal vector na. For a smooth boundary
in spacetime, for example, it is not the normal that gives a continuous or consistent definition of
the outward direction, but rather the transverse vector, as shown in Figure 1. The metric can be
decomposed into components along Σ and transverse to it, so that

gab = hab + εnanb (Non−Null)
gab = σab − lanb − nalb (Null) (4)

where hab is the induced metric on Σ and σab is the induced metric on the spatial slice σ ⊂ Σ
normal to na.
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Figure 1: An illustration of how the normal and transverse vectors would be orientated on a patch
of 1 + 1 Minkowski spacetime whose boundary is a circle.

The“joins”or intersections Jij = Σi∩Σj of ∂M are allowed to be discontinuous in the sense that
nai and naj differ at Jij . The Jij are of codimension two and, like the boundary components, may
also be timelike, spacelike or null. By considering the span of the normals ni and nj and looking
at the range of the polynomial f(α) = (ni + αnj)2 as α varies over the real line, one easily arrives
at the following classification: the plane of the two normals in the tangent space has Lorentzian
signature and the join is spacelike if i) at least one of the normals is timelike, or ii) both the normals
are null, or iii) one normal is spacelike and the other null, with ni.nj 6= 0 or iv) both normals are
spacelike and ni.nj > 1. The plane of normals has Riemannian signature and the join is timelike
if i) both normals are spacelike and ni.nj < 1. Finally, the plane of normals is null and the join is
null if i) one normal is null and the other space like with ni.nj = 0.

In Section 3 we use the Cartan tetrad formalism. This has the significant advantage offered
by differential forms which can be integrated over manifolds without reference to a metric or its
signature. It also has the advantage of giving us a fiducial Minkowski vector space as a reference.
Given a metric gab on M we choose an orthonormal frame such that gab = eµae

ν
bηµν . The tetrad eµa

maps a vector X ∈ TpM to a point in (M0, ηµν)

eµa : X → eµ(X) = eµaX
a = Xµ ∈M0, (5)

where (M0, ηµν) is a fixed fiducial Minkowski vector space, with a the spacetime index and µ the
frame index ranging over 0, 1, 2, 3. The map Eqn (5) is invertible, since we assume that the metric
is non-degenerate. The spacetime metric gab is then the pullback of the fiducial metric ηµν onM0.
Frame indices µ, ν are raised and lowered with ηµν . There is an O(1, 3) gauge freedom in the choice
of the eµa . Associated with the eµa are the connection 1-forms Aµaν = eµb∇aebν where ∇a is the metric
compatible Christoffel connection. A takes values in the Lie Algebra of O(1, 3) and is antisymmetric
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in the frame indices: Aµν = −Aνµ. A is compatible with frames and satisfies Cartan’s equation

deµ +Aµν ∧ eν = 0. (6)

Written explicitly in the spacetime indices, the field strength of A is

Fµνab = ∇aAµνb −∇bA
µν
a +AµaρA

ρν
b −A

µ
bρA

ρν
a = 2D[aA

µν
b] (7)

which is more succinctly expressed as Fµν = dAµν +Aµρ ∧Aρν = 2DAµν where the wedge product
is with respect to the spacetime indices.

Using the algebraic identity

η̃abcdεµνρλe
ρ
ae
λ
b = −e(2!)2 e[c

µe
d]
ν (8)

where e =
√
−g and η̃abcd is the Levi-Civita tensor density, the Einstein-Hilbert action1 takes the

form

IEH = 1
4

∫
d4x εµνρλ eµ ∧ eν ∧ F ρλ. (9)

The variation of IEH gives us a bulk term (which yields the equations of motion) and a boundary
term. The boundary term will be expressed as the variation of a boundary action −IB, which gives
us a counterterm to be added to the action. The total gravitational action is therefore

IG = IEH + IB (10)

where IB in the non-null case is the Gibbons-Hawking-York (GHY) term. From its definition, the
boundary term IB is only defined up to terms that have zero variation. Certain imaginary terms
that have been discussed before in the literature are of this variety. We will ignore them for the
most part and comment on them in the conclusion. When the boundary is only piecewise C2

the boundary contribution includes “corner” terms. It is the evaluation of these various boundary
components in the tetrad formulation that we will now focus on.

3 The Tetrad formalism

3.1 Boundary Terms

Varying the Action IEH we find

δIEH = 1
4

(
2
∫
M
εµνρλ δe

µ ∧ eν ∧ F ρλ + 2
∫
M
εµνρλ e

µ ∧ eν ∧DδAρλ
)
. (11)

The first term gives us Einstein’s vacuum equations in the form eν ∧ F ρλεµνρλ = 0 and the second
term reduces to a boundary contribution

−δIB = 1
2

∫
M
D(εµνρλ eµ ∧ eν ∧ δAρλ) = +1

2

∫
∂M

εµνρλ e
µ ∧ eν ∧ δAρλ (12)

1Note that we do not regard this as a first order Palatini action, since A is a function of eµa determined by Eqn
(6) and is not independent.
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In order to calculate the boundary term we require that the pullback of the metric to the boundary
M is unvaried. We can, in addition, demand that the pullback of eµ to the boundary M also has
zero variation. This permits us to take δ outside the integral and express it as the variation of

−IB = 1
2

∫
∂M

εµνρλ e
µ ∧ eν ∧Aρλ. (13)

Our derivation so far is independent of the type of boundary ∂M. We will now show that this
expression is the GHY term written in a universal form, by looking at the three types of boundaries
– spacelike, timelike and null. We now choose adapted tetrads so that one of the 1-form fields eµ is
normal to the boundary. The natural choices for the spacelike, timelike and null normals to ∂Ms,t,n

are e0
a = na, e

1
a = na and e±a = na, respectively, where e±a = (e0

a ± e1
a)/
√

2. In general we write
na = eαa where α = 0, 1,± depending on ∂M. Let us also always choose na to be outward directed
for ∂M, a well-defined concept for the non-null normals. For null normals, it is the transverse null
tetrad la defined by lan

a = −1 which must be outward pointing. This picks the orientation of na.
For example in Minkowski spacetime if na = e+

a , then the transverse null tetrad la = e−a is is chosen
with the same time orientation as e+

a so that e+
a e

a− = −1.

Using the relation Eqn (8) we see that the integrand in Eqn (13) can be simplified. Using the
notation na = eα̂a , where the hat indicates that α is a fixed index (0, 1,±), for which the summation
convention does not apply, we have

enae
a
µe
b
νA

µν
b = eδα̂µe

b
νA

µν
b = eebνA

α̂ν
b (14)

where the sum over ν extends over all indices except α̂ because of the antisymmetry of A in the
frame indices. Putting in the form of A we have

−eebνeνc∇beα̂c = −e(δbc − ebα̂eα̂c )∇bnc, (15)

which gives the universal boundary term

IB =
∫
∂M

e(gbc − ebα̂eα̂c)∇bnc. (16)

Note that we have made no assumption above regarding extending the normal na off the boundary.
The normal is only defined at points on the boundary and we only use its tangential derivatives.

Observe further that in the adapted tetrads for non null normals (α̂ = 0, 1)

ebα̂e
α̂c = ηα̂α̂e

α̂beα̂c = εnbnc (17)

and for null normals (α̂ = +)
ebα̂e

α̂c = η+−e
−be+c = −lbnc (18)

Using the decomposition Eqn (4) we note that

(gbc − ebα̂eα̂c)∇bnc = (gbc − εnbnc)∇bnc = hbc∇bnc = K (Non−Null) (19)

(gbc − ebα̂eα̂c)∇bnc = (σbc − nblc)∇bnc = (Θ− κ) (Null) (20)

(21)
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where K = hab∇anb is the extrinsic curvature of ∂Mt,s, Θ = σab∇anb the null expansion on ∂Mn

and the surface gravity κ = lanb∇bna measures the failure of na to be affinely parameterised. For
∂Ms,t this gives the expected GHY term

IB =
∫ √
±hK d3x, (22)

where x’s are coordinates on the boundary. For ∂Mn this gives

IB =
∫ √

σ(Θ− κ)dλd2x, (23)

where the x’s are now spatial coordinates on the null surface and λ is a parameter along the null
generator satisfying na∂a = ∂

∂λ .

The boundary term Eqn (13) is not gauge invariant under O(1, 3) transformations (although
its variation is). This is because A transforms inhomogenously by

A→ Λ−1AΛ + Λ−1dΛ (24)

with the result that

IB → IB + 1
2

∫
∂M

εµνρλ e
µ ∧ eν ∧ gρλ (25)

where g = Λ−1dΛ is in the Lie Algebra of O(1, 3).

We note that in the adapted tetrads there is a residual gauge freedom in the little group H,
which preserves the normal. The little group is given by H = O(3) for timelike, H = O(1, 2) for
spacelike and H = E(2) for null normals. It is easily checked that the adapted boundary term is
invariant under gauge transformations of the little group. In fact for Λ ∈ H, h = Λ−1dΛ satisfies
hα̂λ = hρα̂ = 0 for α̂ a fixed index labelling the normal, as above. For vector fields ta, tangent to
the boundary, we have eα̂(t) = nat

a = 0 and so the change in IB under a gauge transformation

∆IB = 1
2

∫
∂M

εµνρλ e
µ ∧ eν ∧ hρλ (26)

vanishes entirely, since the four indices of εµνρλ must all be distinct for a nonvanishing contribution.

We introduce four discrete elements D of O(1, 3) corresponding to each of the connected com-
ponents of the group. They are I, P, T and PT, where P and T stand for parity and time-reversal
respectively. Since these are constant matrices, the connection A transforms homogeneously and
the boundary term Eqn (13) is invariant under such transformations. These discrete elements D
will be needed in the next section to relate frames across a join.

3.2 Corner Terms

The fact that the boundary term Eqn (13) is not gauge invariant can be exploited to identify
the corner terms. By adapting our frame to the normal we have been able to derive the forms
Eqn (22,23) of the boundary GHY terms for all signatures of the boundary. When there is a
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join of two boundary components, the adapted frames will not, in general, agree at the join. In
order to pass from one frame to the other we will use the following procedure. By means of a gauge
transformation in the little group H, we will ensure that two of the frame fields from each boundary
component are tangent to the join and agree with each other at the join. By use of discrete elements
in O(1, 3), we will ensure that the frames are related by an element in the identity component of
O(1, 3). With these choices, the relation between the two frames is a Lorentz transformation in
the 2-dimensional plane of normals. The change in the boundary term Eqn (13) under this O(1, 3)
gauge transformation gives us the corner terms.

Let Σi and Σj meet along a join Jij . The boundary term Eqn (16) is valid when an adapted
frame is used, but the latter changes in going from Σi to Σj . This corresponds to effecting an
O(1, 3) transformation in Eqn (13) which relates the adapted frames eµ(i), e

µ
(j) of Σi,Σj . By operating

on the frames by discrete elements D of O(1, 3), we can arrange that the two frames are related by
an element in the identity component of O(1, 3).

For spacelike joins, by further gauge transformations in the little group, one can arrange that
e2

(i) = e2
(j) and e3

(i) = e3
(j) and that both of these are orthogonal to the timelike plane of normals. The

two frames e(i) and e(j) are therefore related by a Lorentz boost in the timelike plane of normals,

eµ(i) = Λ(ij)
µ
νe
ν
(j). (27)

We define the discontinuous gauge transformation λ ∈ O(1, 1) to be the identity on Σi and Λ(ij) on
Σj

λij = exp [ηKΘ(H)
ij ], (28)

where Θ(H)
ij is the Heaviside function that takes values 0 on Σi and 1 on Σj , η is the rapidity

parameter and K the boost generator in the plane of normals. gρσ = (Λ(ij)
−1dΛ(ij))ρσ = ηKρσdΘ(H)

ij

is therefore proportional to a delta function that is peaked on the join Jij and vanishes on Σi and
Σj . The gauge transformation of the boundary term Eqn (25) results in the join term

1
2

∫
Jij

ηεµνρσe
µ ∧ eνKρσ, (29)

which in this case (since only K01 = −K10 is non vanishing), simplifies to

IJij =
∫
Jij

e2 ∧ e3η =
∫
Jij

dAη, (30)

where dA is the area element of the join.

It is possible to express the rapidity that appears in the corner term using the angle between the
normals. The Lorentz boost with rapidity η can be written as e+

(j) = (exp η)e+
(i), e

−
(j) = (exp−η)e−(i)

and the timelike and spacelike normals as n(i,j) = (e+
(i,j) ± e−(i,j))/

√
2, respectively. Using the symbols

T, S,N to denote a timelike , spacelike or null normal, respectively, we find that if the two normals
at the join are (i) TT: ni.nj = − cosh η, (ii) TS: ni.nj = sinh η, (iii) TN: ni.nj = − exp η/

√
2, (iv)

SS: ni.nj = cosh η, (v) SN: ni.nj = exp η/
√

2 and (vi) NN:ni.nj = − exp η.

For timelike joins, the argument is very similar. We can by gauge transformations in the little
group arrange that e0

(i) = e0
(j) and e1

(i) = e1
(j) and that both of these are orthogonal to the spacelike

8



plane of normals. The two frames eµ(i) and eµ(j) are now related by a rotation in the spacelike plane
of normals

eµ(i) = Λ(ij)
µ
νe
ν
(j). (31)

Again, define the discontinuous gauge transformation λ ∈ O(2) as the identity on Σi and Λ(ij) on
Σj , so that

λij = exp [ηJΘ(H)
ij ], (32)

where η is now the rotation angle and J the rotation generator in the plane of normals. Again this
gives rise to a contribution from the join

1
2

∫
Jij

ηεµνρσe
µ ∧ eνJρσ. (33)

Since the nonvanishing components of J are J23 = −J32, we have the form of the corner term:

IJij =
∫
Jij

e0 ∧ e1η =
∫
Jij

dAη, (34)

where dA is the area element of the join. Relating the inner products to the angles follows the
case of spacelike joins and we do not repeat the analysis here. A salient difference is that the
angles are only defined modulo 2π. This arises because the group SO(1, 1) is simply connected
(π1(SO(1, 1)) = 0), while the group SO(2) is multiply connected (π1(SO(2)) = Z). This ambiguity
does not however affect the variation.

Null joins differ in that the plane of normals and the tangent space to the join share a one
dimensional, null subspace. If ni is spacelike and nj is null (with ni.nj = 0), nj belongs both to the
span of normals and the tangent space to the join. It is possible to adapt a null Lorentz frame to
both Σi and Σj as follows: e+

i = e+
j = nj , e

3
i = e3

j = ni and e2
i = e2

j , e
−
i = e−j . Since eµi = eµj , we

have Λ(ij) equal to the identity and η = 0. The corner term therefore vanishes.

3.3 Creases

A physically interesting situation covered by the above analysis occurs when one of the boundaries
of spacetime is the event horizon of a dynamically evolving black hole. In this case the horizon does
not remain smooth when new generators enter or leave the horizon. Suppose that we are interested
in the boundary of a future set. (The case of past sets is similar). The boundary of a future set
is ruled by null generators. However, when these null generators cross because of gravitational
focussing effects, they leave the boundary and enter into the interior of the future set. The horizon
then develops a caustic, generically a spacetime region of codimension two, where the normal to
the wavefront is discontinuous. When this happens, we have a “crease” which separates regions
of the null surface with different normal vectors. Locally, this is no different from a null-null join
discussed above. From the analysis already presented we would expect a boundary term to appear
as an integral along the crease of the rapidity parameter, just as in the NN case treated above.
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4 The metric formalism

While the tetrad formulation is calculationally simpler, it is also true that the metric formulation
is more familiar to most readers. In this section, we present the metric formulation of the above
calculation, which has also recently been given in [1]. To find the boundary contribution to the
action we need to consider the most general class of variations δgab which leave the induced metric
on Σ fixed, so that for any ta, sa ∈ T Σ,

δgabt
asb = 0. (35)

Using δ(gabgac) = 0 to relate the variation of the covariant and contravariant metrics we find that

δgab = −gbdgacδgcd ⇒ δgabtasb = 0. (36)

From the decomposition Eqn (4) of gab into components transverse to and along Σ, we see that the
most general variation takes the form

δgab = 2n(aδQb), (37)

where we have made the identification

Qa =
{
ε na (Non− null)
− la (Null) (38)

The 4-vector δQa therefore gives the full admissible 10 − 6 = 4 parameter degrees of freedom in
this class of variations.

It is useful to decompose δQa into components transverse to and along Σ

δQa = αQa + ta, (39)

where ta ∈ T Σ, and such that nata = 0 for both null and non-null cases. When Σ is null ta can be
further decomposed as

ta = βna + sa (Null) (40)

where sana = 0.

Using the unperturbed metric to raise and lower indices, the variation of the covariant quantities
is

δQa = δgabQ
b + gabδQ

b, δna = δgabn
b + gabδn

b, (41)

which along with Eqns (36-40) simplifies to the general expression

δna = −αna, (42)

δQa = βna, (43)

where α, β are independent when Σ is null and β = −εα when Σ is non-null. The parameter α can
moreover be related to a variation of the volume element in both the null and non-null cases

α = −δ(ln
√
−g) (44)
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where we have used δ(ln
√
−g) = −1

2gabδg
ab = −αgabnaQb using Equations (37) and (39). The

boundary term resulting from the variation of the Einstein-Hilbert action has the general form

−δIB = 1
2

∫
Σ
dV vana (45)

where va = −gabCccb + gcbCacb and dV is the volume element on Σ and Ccab is the variation in the
metric compatible connection

Ccab = 1
2g

cd{∇aδgbd +∇bδgad −∇dδgab}. (46)

with ∇a the connection compatible with gab.

The task is then to find the boundary term IB which has to be added to the Einstein-Hilbert
action. The integrand in Eqn (45) can be simplified to

vana = −nagbc{∇aδgbc −∇bδgac}, (47)

for all types of Σ. We now examine the two separate cases.

4.1 Σ non-null

Using gab = hab + εnanb reduces Eqn (47) to

vana = −nahbc{∇aδgbc −∇bδgac}. (48)

Comparing with the variation of the extrinsic curvature K of Σ we see that

−2δK = 2habCcabnc − 2hab∇aδnb (49)

= −nahbc∇aδgbc + 2nahbc∇bδgac + 2αK.

The first terms in Eqn (48) and Eqn (49) are the same. In [5, 6] the second term in Eqn (48)
and the remaining terms in Eqn (49) are put to zero but this unnecessarily restricts the allowed
variations. Allowing the full 4-parameter variation the second term in Eqn (48) reduces to

nahbc∇bδgac = −2αK − hab∇atb, (50)

so that
vana = −2δK + hab∇atb. (51)

Thus, in agreement with the standard results in [5, 6]

−δIB + δIK = 1
2

∫
Σ
d3x
√
εhDat

a, (52)

where Da is the connection compatible with hab and

IK =
∫

Σ

√
εhK. (53)

11



If Ji ⊂ Σ are either spacelike or timelike “corners” of Σ with normals ma
(i) ∈ TΣ, the variation Eqn

(52) reduces to
1
2
∑
i

∫
Ji
d2x

√
ε′q tam(i)a ≡

∑
i

δIJi (54)

where qab is the induced metric on Ji and ε′ = ±1 depending on whether Ji is spacelike or timelike.
If Ji is null, then

δIJi = 1
2

∫
J
dxdλ

√
q̃ taja (55)

where
√
q̃ is the volume element on the 1 dimensional spatial section of J and ja its null normal.

As we will see in the next few sections, such corner terms will not contribute. Thus, the boundary
term to be added to the action is

IB = IK −
∑
i

IJi (56)

where IJi are the yet to be determined corner terms.

4.2 Σ null

Since the null geodesics generated by na are hypersurface orthogonal, we can suppose that they
satisfy the condition ∇[anb] = 0. Combining this with the variation δgab = 2n(agb)cδl

c allows us to
simplify Eqn (47) to

vana = na∇aα− αΘ + 2ακ, (57)

where Θ and κ are the null expansion and surface gravity of Σ respectively.

The natural analog of the GHY term is

IΘ =
∫

Σ
d2xdλ

√
σΘ (58)

and it is therefore natural to first compare this variation with Eqn (57). Since na = (∂/∂λ)a
remains invariant under this class of variations the affine parameter λ is unchanged, so that δIΘ
again only involves the integrand Θ. While δσab = 0,

δσab = δgacgbdσcd + gacδgbdσcd = 2n(asb) (59)

where we have used Equations (39) (40) so that

2δΘ = 4n(asb)∇anb − 2σabCcabnc + 2σab∇aδnb
= −4κsbnb − 2αΘ + 2αΘ = 0. (60)

Given the form of Eqn (57) it is therefore clear that an additional boundary piece is required.
Instead, consider (see [11, 12])

Iκ =
∫

Σ
d2xdλ

√
σκ, (61)

whose variation again only involves the integrand κ,

2δκ = 2(δlanb∇bna − lanbCcabnc + lanb∇bδna)

12



= 2ακ+ 2nb∇bα. (62)

Thus

−δIB = δIκ −
1
2

∫
Σ
d2xdλ

√
σ(na∇aα+ αΘ)

= δIκ −
1
2

∫
Σ
d2xdλ

d(
√
σα)
dλ

= δIκ + δIJ (λi)− δIJ (λf ) (63)

where we have defined

δIJ (λ) ≡ 1
2

∫
J
d2x

√
σ(λ)α(λ) (64)

and have used the expression Θ = 1√
σ
d
√
σ

dλ . Here, λi,f are the initial and final values of λ at the

spacelike boundaries, Ji,Jf of Σ. As one can see, it is only such spacelike corner terms that
contribute for Σ null; there is no contribution from a null corner. The boundary term to be added
to the action is therefore

IB = −Iκ + IJ (λf )− IJ (λi), (65)

where IJ (λ) is a yet to be determined null corner term contribution. At this point IΘ can also be
included, though its variation vanishes. This brings the boundary term into the same form as that
obtained in the tetrad formulation.

Before moving on to a calculation of the corner terms it is worthwhile saying a little about the
question of uniqueness of the transverse vector Qa. In the non-null case, it is easy to find a unique
transverse vector. For any timelike or spacelike vector ra ∈ TpM we associate a unique transverse
subspace R ⊂ TpM such that r.v = 0,∀va ∈ R. ra is then transverse to Σ and if it is normalised to
±1 it is the unique unit normal na. In the null case, the situation is a little more complicated since
lana = −1 does not give a unique la associated to every na. We can however enforce uniqueness
as follows. If ma

1,m
a
2 are spacelike unit vectors in TpΣ such that n.m1,2 = 0, let M1,M2 be their

associated transverse subspaces, respectively. Then la ∈ M1 ∩ N1 is the unique transverse null
vector satisfying lana = −1.

4.3 Corner Terms for Null-Null Boundary

The intersection J of two null hypersurfaces Σ1,2 can be either spacelike or null. Examples of these
are shown in Figure 2. The achronality of a null hypersurface precludes the intersection from being
timelike. When J is null, as we have seen there is no corner contribution for null Σ. Indeed, in
any case, such a null intersection is not a join as per our definition in Section 2. We therefore need
only consider the case when J is spacelike. For clarity in this section we will resort to using ka to
depict the null normal and leave na to denote the non-null normal.

Let the normals to the two null boundary components Σ1,2 be ka1,2. In order to fix the relative
signs of the corner terms Eqn (64) it is important to define first what is meant by an outward
pointing null normal. We will define this using the transverse vector la rather than the normal
ka. For a join arising in the causal diamond shown in Figure 2 the join is outward convex in

13



Figure 2: An interval in 2 + 1 Minkowski spacetime.

the following sense. The outward pointing transverse vector la1 to Σ1 in TJ is along the positive
(∂/∂v)a direction. Hence ka1 is along the positive (∂/∂u)a direction. On the other hand, la2 for Σ2
is in the negative (∂/∂u)a direction, which makes ka2 lie in the negative (∂/∂v)a direction. Thus,
in this case the parameters λ1,2 on Σ1,2 both take their initial values on J . This is an outward
convex join. Conversely at an outward concave join λ1,2 both take their final values on J .

Thus, from Eqns (64) and (65) the total contribution to J is

δIJ = ±1
2

∫
J
d2x
√
σ(α1 + α2) (66)

depending on whether the join is concave or convex. Here α1,2 come from the variations of la1 and
la2 on J . The variations of the metric on Σ1 and Σ2 are, respectively

δgab1,2 = k
(a
1,2(α1,2l

b)
1,2 + β1,2k

b)
1,2 + s

b)
1,2) (67)

which at J must match up, i.e.,
δgab1 |J = δgab2 |J . (68)

Of the 4 null vectors ka1,2, l
a
1,2, we pick two linearly independent ones to be the normals ka1,2, so that

la1,2 = u1,2k
a
1 + v1,2k

a
2 . Using l1.l1 = l2.l2 = 0, l1,2.k1,2 = −1, v1 = u2 = − 1

k1.k2
and u1 = v2 = 0,

which means that la1,2 = − 1
k1.k2

ka2,1. Denoting the equality on J by
.=, Eqn (68) then implies that

α1
.= α2

β1
.= β2

sa1
.= sa2

.= 0 (69)

where we have used the linear independence of ka1 and ka2 and the directions tangent to J . Noting
that δ(k1.k2) = k1.δk2 = −α2(k1.k2) allows us to express α1 as the variation α1 = −δ(ln(|k1.k2|) so
that the corner term can be written as

IJ = ∓
∫
d2x
√
σ ln(|k1.k2|), (70)

with the sign depending on whether J is concave or convex outward.
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4.4 Corner Terms for Null-Spacelike or Null-Timelike Boundary

The null-spacelike join can only be spacelike, while the null-timelike join can be either spacelike or
null. We will first consider the case when J is spacelike. If Σ1 is null and Σ2 non-null, the corner
contributions to the spacelike join J come from Eqn (54) and (64) so that

δIJ = ±1
2

∫
J
d2x
√
σα1 −

1
2

∫
J
d2x
√
σtama, (71)

where ma is normal to J in Σ2 and the ± sign in front of the first term is positive or negative if
it is an initial or final boundary, respectively, with respect to the outward directed normal to Σ1.
Again, we will see that J can be thought of as concave or convex outward, and this determines the
sign of the first term, but also of the second term.

The variations of the metric on Σ1 and Σ2 are

δgab1 = k(a(α1l
b) + β1k

b) + s
b)
1 )

δgab2 = n(a(α2n
b) + tb)). (72)

Decomposing ta ∈ T Σ2 t
a = ra + sa2, where sa2 ∈ TJ and ra is transverse to TJ , and using the

ka, la basis we express na, ra ( both transverse to TJ ) as na = u1k
a + v1l

a, ra2 = u2k
a + v2l

a,
where the normalisation nana = ε ⇒ v1 = ε 1

2u1
. Using the matching condition Eqn (68) and the

fact that v1 can be arbitrary, we find that

α2
.= −v2

v1

.= −2εu1v2

α1
.= v1(α2u1 + u2)

β1
.= u1(α2u1 + u2) .= 2εu2

1α1

sa1
.= sa2

.= 0. (73)

Since the normal to a spacelike J in T Σ2 is spacelike when Σ2 is spacelike and timelike when
Σ2 is timelike, mama = −ε. Combining this with nama = 0, we can express ma = ε|u1|ka + 1

2|u1| l
a.

Here we use the fact that since ma is outward directed with respect to Σ2, it is ε times the sense of
the outward directed ka as shown in Figures 3 and 4.

Thus,

tama = ε

2|u1|
(α2u1 + u2) = α1

|u1|
u1

, (74)

where |u1|
u1

= ±1 depending on the orientation of Σ2 with respect to Σ1. Specifically, u1 = n.l, the
inner product of the transverse vectors (which determine the “outward” directions ) of Σ1 and Σ2.
When u1 < 0, J is an initial boundary with respect to the affine parameter λ on Σ1, and when
u1 > 0, J is a final boundary. Thus,

δIJ = ±
∫
J
d2x
√
σα1. (75)
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(a) Future null Σ1. Past spacelike Σ2. (b) Past null Σ1. Future spacelike Σ2.

(c) Future null Σ1. Future spacelike Σ2. (d) Past null Σ1. Past spacelike Σ2.

Figure 3: Examples of null-spacelike joins in 2 + 1 Minkowski spacetime showing the orientation of
the vectors ka, la, na and ma. The subcaptions illustrate whether a given null or spacelike surface
is part of the future or past boundary of M.

Again, using δ(n.k) = −α1(n.k)⇒ α1 = −δ(ln(|n.k|)) we find that the corner term is

IJ = ∓
∫
d2x
√
σ ln(|n.k|). (76)

Finally, let us consider the case when Σ2 is timelike and J is null. An example of this is shown
in Figure 5.

As discussed in Section 4.3 there is no contribution to a non-spatial corner from Σ1, and the
contribution from Σ2 is given by Eqn (55). Moreover, the normal ja to J coincides with that of
Σ1, i.e., ja = ka. Choosing the spatial basis {s̃a, ŝa} on Σ1 such that s̃a is in TJ and noting that
naka = 0, na = w1ŝ

a, with n.n = 1 ⇒ w2
1 = 1. If we expand ta = u2k

a + v2l
a + w2ŝ

a + z2s̃
a,

nata = 0⇒ w2 = 0. The variations of the metric

δgab1 = k(a(α1l
b) + β1k

b) + s
b)
1 )

δgab2 = n(a(α2n
b) + tb)). (77)

Expanding sa1 = γ1ŝ
a + γ2s̃

a, the matching condition Eqn (68) implies that all the variables in the
variation except for u2 and γ1 which are related by w1u2 = γ1, vanish on J . Since taja = −v2 = 0
there is no corner term contribution. This is consistent with the fact that the inner product of the
normals k.n = 0 and that δ(n.k) = α2(k.n) = 0.
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(a) Past Σ1 and J . (b) Future Σ1 and J .

(c) Past Σ1 and J . (d) Future Σ1 and J .

Figure 4: Examples of the null-timelike case with a spacelike join in 2 + 1 Minkowski spacetime.
In each example we show a portion of the null and timelike surfaces Σ1 and Σ2 respectively. One
(Two) dot(s) on a surface indicates that, from the perspective of the diagram, you are seeing the
inside (outside) face of the surface with respect the region M that it bounds. The subcaptions
illustrate whether the null surface and join are part of the future or past boundary of M.
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(a) Past Σ1 and J . (b) Future Σ1 and J .

Figure 5: Examples of the null-timelike case with a null join in 2 + 1 Minkowski spacetime. In
each example we show a portion of the null and timelike surfaces Σ1 and Σ2 respectively. From the
perspective of the diagram the outside faces of the surfaces can be seen, with respect the region
M that they bound. The subcaptions illustrate whether the null surface and join are part of the
future or past boundary of M.

4.5 Reparametrisation and the Null Boundary Action

Combining all the boundary terms we find that

IB =
∑
i

IKi −
∑
j

Iκj +
∑
k

IJk , (78)

where i, j, k range over the number of non-null boundary components, the number of null boundary
components and the number of corners, respectively. The null boundary term Eqn (61) is not
invariant under reparametrisation. Let us consider the reparametrisation of the null vector

k̃a = f(λ, x)ka. (79)

where f is strictly positive and x is a local coordinate on the null generators. The surface gravity
associated with k̃a then transforms as

κ̃ = f(λ, x)κ− df

dλ
, (80)

so that

Iκ̃ =
∫

Σ
d2x
√
σ(dλ̃κ̃)

=
∫

Σ
d2x
√
σ(dλκ)−

∫
Σ
d2x
√
σ(d ln f(λ, x)

dλ
)

= Iκ −
∫
Jf
d2x
√
σ ln f(λf , x) +

∫
Ji
d2x
√
σ ln f(λi, x) +

∫
Σ
d2xdλ

d
√
σ

dλ
[ln f(λ, x)]. (81)

The second and third terms exactly cancel the corner contribution (Equations(70), (76))

∓
∫
J
d2x
√
σ ln(|k̃.n|) = ∓

∫
J
d2x
√
σ ln(|k.n|)∓

∫
J
d2x
√
σ ln f(λ, x), (82)
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which is negative or positive depending on whether λ|J is an final or initial value. Here na represents
the normal to the “other” surface at the join J which can be either null or non-null. The presence
of the last term in Eqn (81), which can be rewritten as

∆IB =
∫

Σ
d2x
√
σΘ(λ, x)dλ ln f(λ, x) (83)

shows that the boundary action is not invariant under reparametrisation. Let us now interpret this.
Let us note first that under allowed variations, (those that hold the boundary geometry fixed) the
variation of ∆IB vanishes, since it depends only on the boundary geometry. Thus the variation of
the boundary action is reparametrisation invariant although the action itself is not. As a general
rule, it is differences in the action that are important. Presumably, we can assume this to be true
in quantum gravity as well.

Recall the discussion in section 3.1, where we noted that the boundary action is not gauge
invariant under general gauge transformations although its variation is. This is exactly what is
happening here. The surface gravity κ is a component of a connection and (as seen in Eqn (80))
transforms inhomogeneously under gauge transformations. Reparametrisation changes the “size” of
the null normal k and is therefore not in the little group. The behaviour of the boundary action
under reparametrisation is an example of the general phenomenon discussed there.

We also clarify that this lack of reparametrisation invariance of the null boundary action does
not result in any arbritrariness in physical quantities. This is because what appears in physical
quantities is the difference of two connections, which is a gauge covariant quantity. This point is
explained further in the conclusion.

If one wishes, one could add “counter terms” to the boundary action to render it reparametrisa-
tion invariant. For example

−
∫

Σ
d2x
√
σdλ[Θ(λ, x) ln dλ

dt
], (84)

with t being an arbitrary affine parameter, does the job. Another possibility[1] is

−
∫

Σ
d2x
√
σdλ[Θ ln Θ]. (85)

A third possibility is

−1/2
∫

Σ
d2x
√
σdλ[Θ ln sabsab], (86)

where sab is the shear tensor of the null geodesic congruence ruling the null surface. Of these, the
first Eqn (84) depends on a choice of affine parametrisation, which brings in some arbitrariness,
since the parameter t can be rescaled by t → c(x)t, where c(x) depends on the null generator.
A more serious problem is that including this counterterm spoils the additivity of the action for
regions separated by a null boundary. For, the notion of an“affine”parameter in general will depend
on which region we use to define the affine parameter. The two counter terms will therefore differ
in value and therefore spoil the additivity of the action, which was one of our prime motivations.

The second and third Eqn (85,86) do not suffer from this ambiguity. However, they too have a
problem: the counterterm is not differentiable if the expansion or shear vanishes. Our view is that
there no real need to add a counterterm at all since the lack or reparametrisation invariance does
not manifest itself in physical quantities.
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5 Conclusion

The main new advance of this paper is the realisation that the tetrad formulation of Einstein’s
theory permits a unified approach to boundaries of all signatures. The calculations are consider-
ably simplified and the use of differential forms permits us to integrate over boundary manifolds
regardless of their signature. Our derivation of the corner terms too is extremely simple. Our
methods are complementary to [11, 12, 1] and our perpective is somewhat different. The differen-
tial form version of the boundary term also makes it obvious that the boundary corrected action is
additive. In any splitting of a spacetime into pieces, the boundary term IB Eqn (13) appears twice
on the shared boundary with opposite orientation and so cancel out. The gauge non invariance of
the boundary action does not affect us here since the difference of the two connections is a gauge
covariant object. In particular, the reparametrisation non invariance of the null boundary action
does not spoil the additivity of the action.

In this paper we have worked within the Dirichlet formalism for gravity in which the pullback
metric qab is held fixed on the boundary during the variation. One can also conceive of “Neuman
gravity” in which the conjugate variable is held fixed. For example if the boundary is spacelike,
the quantity

√
q(Kab−1/2Kqab) related to the extrinsic curvature is conjugate to the three-metric.

There has been recent work [19] exploring this possibility, albeit in the Euclidean context. Such
alternate formalisms are of interest since it is far from clear which ensemble would prove the most
advantageous in quantisation. It is also possible that these different choices may lead to different
quantum theories. For example, it is known in statistical mechanics that conjugate ensembles may
not always be equivalent. Such issues are particularly acute in the case of long range forces like
gravity. A classic example is the stability question of a black hole in equilibrium with thermal
radiation in a box.

A notable feature of the boundary term Eqn (13) is that it is not gauge invariant although
its variation is. One must bear in mind that the boundary action is only determined up to a
functional of the boundary data that is held fixed, in our case the pullback of the metric to the
boundary. One may worry that the value of the action changes under change of gauge. However,
there is no cause for concern. In a path integral formulation observable quantities are related to
the absolute value squared of the Feynman amplitude in Eqn (1). This leads to a closed time path
integral of the Schwinger-Keldysh formalism. The quantity that appears in the exponent is now
S(X3,Γ)−S(X3,Γ), where Γ and Γ are histories going between X1 and X3. While the two histories
share the same final geometry X3, they have different values of the connection at the final point.
The two boundary terms at X3 then combine to give a gauge invariant answer, since the difference
of two connections transforms homogenously. Another situation that arises is when one considers
asymptotically flat spacetimes, takes the boundary to infinity and interprets the boundary term in
terms of the total mass. In this case as is well known, we need to make a background subtraction
in order to get a finite answer. Once again, this subtraction results in a gauge invariant boundary
term, since the difference of two connections is a gauge covariant object. The gauge non invariance
of the boundary term is precisely what we have exploited in order to identify the corner terms.
This remark has a parallel in the metric formulation too. The integrand in the boundary term Eqn
(45) is also not coordinate invariant since it depends on the affine connection. The general allowed
variation of the metric Eqn (37) can (at points of the boundary) be interpreted as a diffeomorphism
generated by the vector field ξa = φQa, where φ is any function that vanishes on the boundary.
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Under such a diffeomorphism, the integrand in the boundary term changes by a total derivative
and this permits us to identify the corner terms in the metric formulation.

In the literature, it is suggested that the corner terms [15] or their close analogs [13] may pick up
imaginary contributions. (Imaginary contributions figure heavily in the Lorentzian Gauss-Bonnet
theorem as well.) Using our methods, such contributions would not be detected, as they have
zero variation. However, the origin of such terms can be understood when the normal changes from
timelike to spacelike. We have chosen different adapted frames depending on whether the normal to
the boundary is null, spacelike or timelike. This is because no Lorentz transformation can connect
these different normals. However, in connecting spacelike normals to timelike normals, it is possible
to use complex Lorentz transformations. If we complexify the Lorentz group to O(2,C), the element
Λ = (

cosh (η + iπ/2) sinh (η + iπ/2)
sinh (η + iπ/2) cosh (η + iπ/2)

)

which has complex rapidity, η + iπ/2 does the job of connecting spacelike and timelike normals.
Thus every time the normal crosses a null direction, (crossing counted with sign), the action picks
up an imaginary contribution iπ/2

∫
dA. This imaginary area term has been interpreted as black

hole entropy by Neiman and we refer the reader to [15] for a fuller discussion. While such a term
affects the value of the Action, it does not affect the variation, since the variation of the area
vanishes. Note however, that no Lorentz transformation (real or complex) can relate a null normal
to a spacelike or timelike one. It seems necessary to use different canonical forms for null and
non-null normals.

The case of null boundaries has not received much attention till the recent works of Neimann[15,
16, 17, 18], Parattu et al [11, 12] and Lehner et al [1]. Neimann was mainly interested in imaginary
contributions to the action at the join of null boundaries. He used affine parametrisations to describe
the null generators, which is unnecessarily restrictive in the present context. The treatment of
Parattu et al [11] allows for arbitrary parametrisation of the null generators and correctly identifies
the form of the boundary action for null surfaces. However, these authors do not consider the
corner terms, which are necessary for a complete treatment of the boundary action. In a second
paper [12], they attempt a unified description of both the null and non null case. Their treatment
is coordinate bound and makes assumptions about the behaviour of the normal away from the
boundary. Lehner et al [1] provide a metric treatment of the null boundary terms and identify
the corner terms. They also have a detailed discussion of reparametrisation invariance and suggest
counterterms to be added to the boundary action.

In the present work, we use the power of Cartan’s tetrad formulation and differential forms to
considerably simplify the treatment. Differential forms give us a unified approach to boundaries
of all signatures. We compute the corner terms quite simply using the local Lorentz invariance
of the tetrad formalism. In the mathematical section we also give a classification of all possible
corner signatures, including the case of null joins (see Figure 5) that have not been considered in
the above works. In order to reach a wider audience we also translate our results into the metric
language which is more familiar to readers. We have also noted the contribution which come from
“creases” that appear in spacetimes with a dynamically evolving black hole exterior. Finally, we
offer a perspective on reparametrisation invariance (RI) in the null case, which differs slightly from
Ref [1]. Rather than try to restore RI, we note that the lack of RI in the boundary action does not
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affect any physical quantity in the path integral.

We close with a remark regarding the asymptotics of gravitational fields. Let us compare
the value of the action in the second order Einstein-Hilbert form and the first order form. For
asymptotically flat spacetimes, the metric tends to its flat asymptotic form g0 at the rate (g−g0) =
O(1/r). As a result, the difference between the connection Γ of g and the flat connection Γ0, ∆Γ =
Γ−Γ0 goes as ∆Γ = O(1/r2) and R = O(1/r3). The Einstein Hilbert form diverges logarithmically
at radial infinity (

∫
Rr2dr ≈

∫
dr/r) but the first order form converges: (

∫
(∆Γ)2r2dr ≈

∫
dr/r2).

This allows an interpretation of the 4-momentum as a well defined variation of the action, i.e as
a Noether charge. While there has been much work on null infinity[20], we are not aware of any
discussion of boundary counterterms in this context, for example, in the derivation of the Bondi
mass. The issue of null boundaries has been neglected until the recent interest generated by [11, 12].
There has been recent work [21, 22] reviving the topic of asymptotic null infinity [23, 24, 25] and
relating it to soft theorems in particle physics. We hope that our treatment of null boundaries may
help understand null asymptotics of gravitational fields.
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