
Tudor: Day 2

B-type (Dolbeault) quantum mechanics

The two relevant superfields for the 1d SUSY algebra are called chiral and fermi super-
fields (or chiral and fermi multiplets). In components, a chiral Φ and a fermi Γ contain

Φ = φ+ 1
2
θχ+ θθ̄φ̇ , DΦ = 0

Γ = γ + θg + θθ̄γ̇ , DΓ = 0
(1)

where the component fields φ, g are (complex) bosonic and χ, γ̇ are (complex) fermionic. In
other words, Φ : R× ΠC→ C and Γ : R× ΠC→ ΠC.

The SUSY transformations of component fields are

φ χ φ̄ χ̄ γ g γ̄ ḡ

Q 2χ 0 0 − ˙̄φ g 0 0 2 ˙̄γ

Q 0 −φ̇ 2χ̄ 0 0 −2γ̇ −ḡ 0

(2)

You may convince yourself that [Q,Q] = 2∂t on any component field. The basic action for a
fermi and/or a chiral multiplet looks like

S =

∫
dtdθdθ̄

[
1
2
Φ†∂tΦ− Γ†Γ

]
+

∫
dtdθ ΓJ(Φ)

∣∣∣
θ̄=0

+

∫
dtdθ̄ Γ†J(Φ)†

∣∣∣
θ=0

, (3)

where J is a holomorphic function of chiral fields, and appears in a “fermionic superpoten-
tials” or “J-term superpotentials.” The function J contains the interactions. In component
form, the action is

S =

∫
dt
[
|φ̇|2 − |g|2 + gJ(φ) + ḡJ(φ) + 2χ̄χ̇+ 2γ̄γ̇ + 2J ′(φ)γχ− 2J ′(φ)γ̄χ̄

]
(4)

1. Find the EOM for g, and eliminate it from the action.

2. Describe the Hilbert space H and the algebra Ops of polynomial local operators. Ignore
factors of 2.

Hint: states in the Hilbert space can be described as functions f(φ, φ̄, χ̄, γ)
You should find that, as vector spaces, we roughly have Ops ≈ H⊗H.

3. Consider the Q-cohomology. The Noether charge associated to Q is

Q = φ̇χ̄+ Jγ , (5)

up to numerical factors. How does Q act on H? Being a bit naughty and assuming that the
bosonic part of the Hilbert space consists of polynomials in φ, φ̄ (rather than L2 normalizable
functions), find H•Q(H).

(This is a good local model. Globally, either the bosonic target will be compact, or we
must introduce twisted mass deformations as in Mat’s Friday talk, which have the effect of
dressing polynomial wavefunctions with Gaussian decay factors.)

4. Consider the theory of just a single chiral multiplet Φ (no Γ). Find the Q-cohomology of
the Hilbert space (by specializing the answer above) AND the corresponding Q̄-cohomology
of polynomial local operators. Hint: on next page.
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You should have found H•
Q

(Ops) ' C[φ, ∂/∂φ], acting on H•Q(H) ' C[φ].

Prior to taking cohomology, we had H ' C[φ, φ̄, χ̄] ' Ω0,•(C), with Q = ∂̄ acting as
the Dolbeault operator. Clearly the part of the operator algebra containing φ and ∂/∂φ
commutes with the action of the Dolbeault operator; thus the action of C[φ, ∂/∂φ] descends
to cohomology.

Global picture: with multiplet chiral multiplets, one can construct SQM whose target is
a complex, Hermitian manifold X . Chiral multiplets provide local holomorphic coordinates
on X . The Hilbert space will be Ω0,•(X ), with Q acting as the Dolbeault operator. (There is
also a quantum correction that twists by the square root of the canonical bundle, though it
can be removed by hand if desired.) On top of this, one can add n fermi multiplets Γ1, ...,Γn,
which form a basis for the fiber of an odd holomorphic, Hermitian vector bundle E → X .
The Hilbert space becomes

H = Ω0,•(X ,Λ•E) . (6)

Each Γ can also be given a J-term superpotential
∑

i JiΓ
i. Geometrically, j(φ) =

∑
i Ji(φ)γi

is a holomorphic section of E . Then the supercharge acts on H as a modified Dolbeault
operator

Q = ∂̄ + j∧ , (7)

where j∧ : Ω0,i(X ,ΛjE)→ Ω0,i(X ,Λj+1E) is exterior product with a section of E .

Boundary conditions for the B-twist of 2d N = (2, 2)

We’ll focus on a local model: the 2dN = (2, 2) theory with targetM = C, parameterized
by a real superfield Φ2d = φ+.... The same setup was analyzed in class. In this case, however,
we will focus on the B-twist. Recall that the 2d N = (2, 2) algebra is [Q+, Q+] = 2∂z ,
[Q−, Q−] = 2∂z̄, where z = t+ is and z̄ = t− is. The B supercharge is

QB = Q+ +Q− . (8)

(Apologies for the bar – that’s a nonstandard convention, used here to match the Q used as
the Dolbeault operator in SQM.)

5. Suppose that we work on a half-space Rs≤0 × Rt. Find a second supercharge QB that,
together with QB, generates a 1d N = 2 SUSY subalgebra, containing translations parallel
to the boundary. In other words, find a QB that satisfies [QB, QB] = 2∂t.

The 2d chiral superfield Φ2d decomposes into a pair of superfields for the 1d algebra
generated by QB, QB: a 1d chiral Φ = φ(s, t) + ... and a 1d fermi Γ = γ + ... (where γ is
a particular linear combination of the fermions in Φ2d). It is straightforward to find this
decomposition, but a little tedious. The action gets rewritten as

S =

∫
dtdθdθ̄

∫
ds
[

1
2
Φ†∂tΦ− Γ†Γ

]
+

∫
dtdθ

∫
dsΓ∂sΦ

∣∣∣
θ̄=0

+

∫
dtdθ̄ Γ†∂sΦ

†
∣∣∣
θ=0

. (9)

6. Suppose that the theory is on a half-space, and that we write the superpotential as

Ω =

∫
Rs≤0

dsΓ∂sΦ . (10)
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Working in superspace, set δΩ = 0, and find a boundary condition BN naturally imposed
by the boundary terms in the variation. What does this boundary condition do to φ? How
about γ?

6b. Find the algebra of local operators on BN . To do this, it suffices to use a classical
analysis. (The B-twist is nice like that.) Write down the possible polynomials that exist
at the boundary, subject to the boundary condition from above, and modulo the 2d EOM.
NOTE: the 2d EOM involve ∂s derivatives! They look like φ̈ = −∂2

sφ, χ̇ ∼ ∂sγ̄, ˙̄χ ∼ ∂sγ....
So you cannot quotient out by nearly as much as you did in a purely 1d system. Then take
Q = QB cohomology.

This is a somewhat nontrivial exercise. Once the dust clears, you should find that the
polynomial local operators are C[φ]. This is HALF of the algebra that would have existed

for a chiral field in 1d, which is C[φ, ˙̄φ].
Mathematically, one expects the category of boundary conditions in the B-model with

target C to be DbCoh(C). You have just found the structure sheaf BN = OC.

6c. There is another way to find the local operators, but using a state-operator correspon-
dence. Namely, End)(BN) should be isomorphic to the (QB-cohomology of the) Hilbert space
on a strip [0, 1]×Rt with the boundary condition BN on both sides. Squeeze the interval to
zero size to get a purely 1d SQM. What is its target? What is the Q = QB cohomology of
its Hilbert space?

7. Similar: write the superpotential on a half-space as

Ω = −
∫
Rs≤0

ds ∂sΓ Φ . (11)

Working in superspace, set δΩ = 0, and find a boundary condition BD naturally imposed
by the boundary terms in the variation. What does this boundary condition do to φ? How
about γ?

This second boundary condition BD should be associated to the skyscraper sheaf at the
origin, O0. In the derived category, the derived endomorphism algebra End(O0) is an exterior
algebra in one variable. This exterior algebra can be found fairly easily by repeating steps
6b or 6c above. It is the algebra C[γ] of local operators γ on the boundary.

Much more interesting coherent sheaves can be constructed as indicated in the lecture:
add more 1d superfields at the boundary, and couple with J-terms... This produces nontrivial
complexes.
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